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shows how the average value of the error function is 

derived. 
The mean absolute value of the voltage is twice the 

summation of all positive values of the voltage multi-
plied by the probability of occurrence of each. That is, 

1  V2 
VI — 2   V exp (— --)dV  (25) 

N/JE Vir  2E2 

=iT  1 [E2 (- -V2 )T= V T—  E2(26) 
E  exP  2E2 r E 

= EV2hr  (27) 

1171 = 2/7 = 0.798. (28) 

The measured value obtained by Jansk? is 0.85. 

CONDITIONS FOR VALIDITY 

As previously pointed out, the curve of Fig. 1 is 

valid regardless of the shape of the selectivity curve 
of the band-pass amplifier under consideration. The 
only requirement is that the noise-frequency spectrum 
be continuous and that the components have random 

phase angles. 
It is well known that certain types of noise have a 

voltage distribution differing widely from that of the 
curve of Fig. 1. In any given case the reason for the de-
parture can usually be found. Ignition noise is a promi-
nent example and, of course, the reason for the devia-
tion is at once apparent in this case. The cause of the 
noise is a series of discrete impulses. Each impulse 
causes its own independent wave train in the output. 
In general the wave trains do not overlap. The fre-
quency components of a given wave train are not of 
random phase but start out all having the same 

phase. Thus the normal-error law does not apply. 
With other exceptions also, the reason for the failure 

to follow the law can usually be found after a moderate 
amount of study. For example, in Crosby's paper,2 the 
"crest factor" of fluctuation noise is shown to rise under 
certain conditions in a frequency-modulated receiver. 
The required condition is that the root-mean-square 
value of the noise be in the neighborhood of one quar-
ter of the peak voltage of the carrier. Certain noise 
peaks then exceed the "improvement threshold" of the 
receiver and come through unduly amplified. 

CONCLUSION 

It has been shown that the fluctuation-noise output 
of a band-pass amplifier has a distribution of voltage 
versus time following the normal-error law. Thus a 
theoretical basis is established for appraising the meas-
urements of crest factor made on the noise output of 
band-pass amplifiers by various investigators.'-4 It is 
shown that there is some slight justification for assign-
ing the fixed value 4 to the crest factor, for convenience 
in making rough calculations. However, it must be 
remembered that it is not a true crest factor since 

occasional peaks go considerably higher. The ratio of 
the average to the effective voltage is shown to be 
0.798. A discussion is given of the kinds of noise which 

do not follow the normal-error law. 
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2 Loc. cit., p. 504,. Fig. 11. 

Coupled Networks in Radio-Frequency Circuits* 
ANDREW ALFORDt, MEMBER, I.R.E. 

Summary--The main object of this paper is to develop a theory 
and a physical picture of electromagnetic coupling betweeen sections 
of open wire transmission line. The second object is to consider the in-
duced currents in wires of nonresonant lengths when they are placed 
into an electromagnetic field. 

\A7ORKERS with radio-frequency open wire 
transmission lines have had an occasion to 
observe the phenomenon of electromagnetic 

coupling between a pair of such lines. 
This coupling between two lines usually takes place 

when the lines pass within a short distance of each 
other and when there exists a region in which one line 
passes through the electromagnetic field of the other. 
When it is attempted to make an estimate of the 

• Decimal classification: R142. Original manuscript received by 
the Institute, August 30, 1938; revised manuscript received, De-
cember 13, 1940. Presented, Thirteenth Annual Convention, New 
York, N. Y., June 17, 1938. 
t Mackay Radio and Telegraph Company, New York, N. Y. 

magnitude of this kind of interaction it is almost na-
tural to think in terms of inductive and capacitative 
coupling without perhaps fully appreciating the fact 
that such ideas are not really applicable in this case 
and that they merely lead to purely artificial complica-
tions. 
If the problem is approached from this point of 

view, we are left completely unsuspecting of the pos-
sibility that beautifully simple laws govern such 
phenomena and that these laws can be so easily and 
completely visualized so that in many cases the result 
of interaction can be predicted in a qualitative way 
from a mere inspection of the geometrical configura-
tion of conductors and that relatively very accurate 
quantitative results can be obtained after only a few 
minutes of calculation. 
It is not so much the phenomenon itself, as our 
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mental picture of it, which is apt to be complicated. 
To simplify this picture, we must abandon our ideas 
of so-called magnetic coupling, to which we have be-
come too well accustomed, and establish in our minds 
a concept of a somewhat different kind which is more 
basic from the physical point of view and which is 
therefore more universally applicable. 
To do this we naturally must start from the begin-

ning. We all know that a magnetic field exerts no 

EN 
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SIDE VIEW 

field and is always an electromotive force. 
When the current in different parts of a coil is con-

stant so that each charge in this current is subjected to 
the total value of this electromotive force, the value 
of the current can be found by dividing the electromo-
tive force by the impedance. 
But when, as at high frequencies, the current along 

wires and coils varies from place to place in magnitude 
and in phase not all of the charges in the circuit are 

subjected to the entire electro-
motive force given by the line 
integral. Some of the charges do 
not travel all the way around 
the circuit but are stopped 
short and stored in the distrib-
uted capacitances. It follows 
that if we are to take account 
of these phenomena we must 
break up the total electromo-
tive force into a number of ele-
mentary electromotive forces 
arranged around the circuit 
and examine their action on 
the corresponding elementary 
parts of the circuit. The sum 
total of these elementary elec-

tromotive forces is no longer of any use and the concept 
of magnetic coupling which goes with it is no longer 
applicable. 

Once we dispense with the idea of magnetic coupling 
only the electric field has to be known, for when once 

'4. 

Fig. 1—Network N inducing currents in a long wire W. 

force on a stationary electron. Likewise, the force pro-
duced by the magnetic field on a moving electron is 
always at right angles to the instantaneous direction 
of motion of the electron. Consequently, this force has 
no component along the direction of motion and there-
fore it can do no work. It fol-
lows that a magnetic field can 
deliver no energy to a stream 
of electrons. It makes no dif-
ference whether this stream is 
in a vacuum tube or in a wire. 
No energy is ever induced by 
the magnetic field alone. 
Everyday experience with 

so-called magnetically cou-
pled coils is due not to the 
presence of the magnetic field 
but to the presence of the elec-
tric field which always coex-
ists when the magnetic field 
varies with time. 
It is true that these two 

fields are sometimes so closely 
and simply related that one 
can be used as a measure of 
the other, but it always must 
be kept in mind that it is the 
electric field which does the 
work. Thus, for instance, we use the product of mutual 
inductance and the time derivative of the magnetic 
flux as the measure of the effect of the electric field. 
This quantity is equal to the line integral of the electric 
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Fig. 2—This figure is used in deriving equations (1) and (2). 

this field is known at every point in space, we can cal-
culate the currents which it produces. 
The problem to which we wish to apply this set of 

ideas is diagrammatically shown in Fig. 1. In this figure 

0 

0 
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W is a long thin wire which is placed parallel to and at 
a small distance from a large conducting plate C. This 
wire is located in the electromagnetic field of a network 
of conductors N which is assumed to be energized by 
a high-frequency generator e. 
Network N produces at every point in space a mag-

netic field H and an electric field E. In accordance with 
what has been said above we may restrict our atten-
tion to the electric field. The total electric field E may 
be resolved into three components, namely, E, parallel 
to the wire and E. and E. at right angles to the wire. 
The two components perpendicular to the wire produce 
no current along the wire and result in nothing but 
eddy currents which are negligible. When the wire is 
thin the component E, along the wire is the only one 
which need be considered in detail. This component is 
a function of time t and distance z measured along the 
wire from some arbitrary origin P. 
If we restrict ourselves to purely alternating currents 

of one frequency f then we may write E, in the follow-
ing form: 

ot.111 

E, = E [an(z)ei'g • e+ ib"(z)  a,,(Z)e—icot e—ibn(s) 

nr1 

where an(z) and b(z) are functions of z which can 
be readily determined when E, is known. 
The current which is induced in the long wire is 

subject to the following conditions: 1. the current 
equation and 2. the voltage equation. 
Both of these differential equations follow from well-

known principles. (See Fig. 2.) The current equation 
says that the current which flows out of a wire element 
dz is equal to the current which flows into it, less the 
current which goes into increasing the electrical charge 
stored on the element. If the capacitance per unit 
length of the wire is C and the potential of the element 
at a given instant is v then the charge on the element is 

(Cdz)• v. 

The rate of change of this charge is equal to the 
charging current 

av 
di, = (Cdz)• — • 

at 

If the current entering element dz is i and the current 
leaving the element is 

ai 
+ —dc 
as 

then the current equation is 

or 

ai 
— die = i + — dz 

as 

ay ai 
c•— + — = 0. 
at az 

(1) 

The voltage equation is equally simple. Its meaning 

is this: the potential at the end of an element dz differs 
from the potential at the beginning of this element by 
the sum of the potential drops in the impedance and 
in the electromotive force located in the element. 
If we neglect the resistance, which is usually small in 

comparison with inductive reactance, the total drop 
of voltage between the ends of element dz is 

ai 
— + —av az) = Ldz — — (Eidz) 

az  at 
or 

ay  ai 
— + L  — E, = 0  (2) 
as  at 

where L is the inductance per unit length of the wire 
and (E, dz) is the elementary electromotive force lo-
cated in the element. This electromotive force E, dz is 
due to the fact that our element is located in the elec-
tric field E,. 
Elimination of V between (1) and (2) leads to the 

following differential equation for current i: 

a2i a2i  aE. 
— CL  = C -

052 at2  at 
(3) 

If we restrict ourselves to purely alternating currents 
of one frequency we may put 

i = uleiwt 

E, = E [an(z)eiwt • ei-ab.c.) _1_  a (z)e " • n(,)] 

(4) 

(5) 

where fit and 142 are functions of z. Under these con-
ditions (4) reduces to the following two ordinary dif-
ferential equations for ui and 

dui2 
▪  W2LCUI = E jC-a.(z)e)b̂ (t) 

dz2 

dU22 
▪  W2L CU2 =  E — ican(z)• e— ib"(1) .  (6) 

dz  2 n=.1 

Both of these equations can be readily solved by the 
method of variation of constants due to Lagrange. 
Since the general solution of each of these two differ-

ential equations of the second order contains two arbi-
trary constants the general expression for current i 
obtained from (6) contains four arbitrary constants. 
This is exactly as it should be because the general solu-
tion should leave us free to specify the magnitudes 
and the phase angles of the impedances into which 
wire W may be terminated at its two ends. There are 
four quantities which we may specify and there are 
four arbitrary constants to take care of them. 
The complete solution of these equations without 

limitations as to wire length is as follows: 

= (A i + AO cos (cot + Ks) 
+ (A2 + A2) sin (wt  Kz) 

+ (A3+ A3) cos (cot — Ks) 

+ (A4+ A4) sin (cot — Ks) (7) 
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[— Ks + b„(z)]an(z)dz 

Eo  Eo cos Kz 
As = + — f sin Kzdz = + 

2z0 ,  2z0 K 

A 3 = + —  cos Kzdz = ±    
Eo f '  E0 sin Kz 

2zo  2zo K 

A4 = — — f sin Kzdz = ± 
Eo  s i  Eo cos Kz 

2zo  2z0 --

The next step is to find the constants of integration. 
This may be done by substituting values of Al, 442, 
As, As as given by (12) into (7) and by making use of 
the boundary conditions. Thus the requirement that 
= 0 at z =0 results in 

58 

in which 

A1 

A2 

A3 

1  n•N 
f E cos 
zo 

= + — E sin [Kz — b„(z)]an(z)dz 
1 j4 n—N 

ZØ 

= + —  E cos [Kz  bn(z)]an(z)dz 
zo  n—i 

As = —  I f "N E sin [Kz  b(z) ]a„(z)dz  (8) 
50 

A/ L 
zo = 4/ 

V C 

__1, —2, —3, —4 and I  I are constants of integration to be 
determined from the boundary conditions existing at 
the two ends of the wire. When the wire in question 
extends from z =0 to z =a and is open at both ends, 
these boundary conditions are particularly simple, 
namely, 

= 0 at z = 

i = 0 at z = a (9) 

for all values of 1. 

The actual application of the above procedure can 
be best illustrated, by the following examples: 

Example 1. 

Currents induced in wire of length a which is located 
in uniform field En= E0 cos cut parallel to the wire. 
The first step is to find a(z) and bn(z). Since 

Eo  Eo  . 
E, = Eo cos cot =  (10) 

2  2 

it is clear from comparison with (5) that in the present 
case 

Eo 
ai(z) = —  a2(z) = 0, • • • 

2 

bi(z) = 0,  b2(z) = 0, • • •  (11) 

consequently, 

Eo 
A1 =  — f cos Kzdz 

2zo 

E0 sin Kz 

2zo K 

E0  ) . 
i = Ai cos wt + 02+  sin cot 

2zoK 

E0 ) , 
± A3 COS Ca + (A s +   sin wt = 0 

2zoK 

which must hold good for all values of t and in particu-
lar for cot = 0 and cot =r/2. By putting cot =0 and then 
cot =r/2 we get 

ES 
As + A, = 0 and As +  = —  (13) 

zoK 

Similarly, the condition that i=0 at  = a results in 
the following equation: 

2zo K 

Eo sin Ks ) 
  cos (coi + Ka) 

Eo cos Kz 
+ (A2 -I-    sin (cot + Ka) 

2z0 K 

E0 sin Kz 
± (A3 + 2z0  K 

Eo cos Kz 
+ (A4 + 2zo  K 

which also must hold for all values of t. By letting 
cot =0, we obtain 

(A 1 + AO cos Ka + (A 2 — A4) sin Ka = 0 (14) 

which, in vew of (13), reduces simply to 

(A2 — A4) sin Ka = 0.  (15) 

From the last equation it follows that 

cos (wt — Ka) 

sin (cot — Ka) = 

— A4 = 0 (16) 

except in the special case when sin Ka =b. By putting 
cot =212 we get 

Eo 
(A 3 — A2) sin Ka ± —  sin2 Ka 

zoK 

(A2 ± A4 ± - - COS Ka) cos Ka = 0 
zoK 

Eo 

which, in view of (13), reduces to 

E0 1 — cos Ka 
— As ± A, 

zoK  sin Ka 

From (13), (16), and (17) it follows that 

  (12)  A3  = A1  = Es 1 — COS Ka 

2Kzo sin Ka 

Eo 
As =  = 

2KZO (18) 

By substituting these values of A's and A's from 
(12) into (7) for the current, we find that 

(17) 
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i= —I[ 1  a1   
zoK  Ka cos K 
E0 (z —  sin wt.  (19) 

2 
cos — 

2 

The current distributions given by (19) have been 
plotted in Fig. 3 for several typical values of a. From 
this figure it appears that in general the current dis-
tribution produced in the wire is not sinusoidal. When 
the length of the wire is small in comparison with X/2 
the current at the center of the wire increases approxi-
mately as the square of the wire length. The gen-
eral shape of the current distribution for wires shorter 
than X/2 reminds one of the well-known distribution 
along a half wave, but in our case the distribution is 
not sinusoidal. At a =X/2, (19) breaks down (because 
cos (Ka/2)=0) and gives an infinite value of current. 
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Fig. 3—Calculated distribution of induced currents in wires of vari-
ous lengths when these wires are placed parallel to an arriving 
wave front. 

This is as it should be as may be seen from the follow-
ing considerations: As a approaches X/2 the current in-
duced in the wire rapidly increases. The maximum 
value to which this current is built up is limited by 
radiation resistance which is due to the action of the 
electric field of current i on this current itself. We have 
neglected the field which is contributed by this current' 
and assumed that the total field is equal to the external 
field E.= Eo cos wt. As long as the induced current is 
limited by factors other than the radiation resistance 
and is small, its field is also small in comparison with 
the inducing external field and (19) is a fair approxima-
tion. But when the boundary conditions are such that 
resonance occurs, cos (Ka/2)= 0 and (19) breaks down. 
Fortunately, these are the only cases when the current 
distribution becomes sinusoidal and which have been 
exhaustively treated by the classical theory found in 
any textbook on radio. Equation (19) may thus be re-
garded as showing what happens when currents are in-
duced in wires which are not an integral number of half 

1 Some of this field is taken into account by term (aim) L in volt-
age equation (2); other terms have been neglected. 

waves long and which are therefore not ordinarily con-
sidered. 
A very interesting special case is a =X. In accordance 

with the concept to which we are accustomed we might 
expect a current distribution shown in Fig. 4. This is not 
the case. The actual distribution is instead as in Fig. 3. 
This is due to the fact that there is no resonance in 
this case. In accordance with the classical theory a 

Fig. 4—Sinusoidal distribution of current in a wire 
one wavelength long. 

wire one wavelength long does not radiate at right 
angles to itself and conversely no current is induced by 
waves arriving at right angles to the wire. This is not 
true as we see from (19) and Fig. 3. The classical 
theory is correct in that the assymetric distribution of 
Fig. 4 is not present. 
The current distribution given by (19) may be re-

garded as a sum of two parts: (a) A constant current 
Eo/Kzo which is in the same phase along the entire wire 
which we shall call the primary part and (b) a sinus-
oidally distributed current which we shall designate 
the secondary part. 
The first part may be regarded as the primary result 

of the inducing field while the second part, as the 
resultant of two traveling waves which start from 

Fig. 5—Distribution of induced current in a very long wire which 
is placed parallel to an arriving wave front. This figure is not 
to scale and is only diagrammatic. 

the two ends of the wire. If the wire were very long 
so that the waves reflected from its ends could not 
reach the center the induced current would be as shown 

in Fig. 5. 

Example 2. 

Under this heading we shall consider briefly a more 
general case in which a wire of length a is placed at an 
angle 4, to the arriving wave front of an electromagnetic 
wave. In this case the component of the electric field 
along the wire is (see Fig. 6) 

Es = Eo cos 0. cos (wt — Kz sin 4)) 

Eo cos 41  Eo cos(/' 
 e - iwt, e+11Csaln. (20 

2  2 

so that 
E0 cos 4, 

ai(z) =   • 
2 

a2(z) = 0, • • • 

bi(z) = — Kz sin 40; 62(z) = 0, • • • .  (21) 
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Fig. 6—Calcu ated distribution of induced current in a wire 3 
wavelengths long which is placed at an angle of 60 degrees to an 
arriving wave front. The wire is terminated by se at both ends. 

The values of the A's are 

Eo cos tit sin [Kz(1 + sin On 

2zo  K(1 + sin (b) 

Eo cos tit cos [Kz(1 + sin ti,)] 

2zo  K(1 + sin 0) 

E0 cos itt sin [Kz(1 + sin (1))] 

2zo  K(1 + sin 0) 

Eo cos 4, cos [Kz(1 + sin (t))] 

2zo  K(1 + sin 0) 

By substituting these values into the equation for 
current we find that 

A1 — 

A2 

As 

A4 

Eo 
sin (04 — Ks sin tk) + A cos (0.4 + Kz) 

zoK cos qt) 

+  A2 sin (cot + Ks) + 213 cos ((i)i  Ks) 

+  A4 sin (ut — Ks) 

Eo 
  sin (tot — Ks sin 0) 
zoK cos at 

+ (II sin (tot + Ks + si) -I- a: 

(22) 

The boundary condition at 11.0 demands that 

Eo 
 (1 + sin 0)  + 2z0412 sin (w1 + s2) = 0 
K cos 

for all values of I. It follows that 

1  E0 
do —   (1 + sin 0) 

2 zoK cos ito 
and 

52 = 0. 

The second boundary condition, namely, at s=a, re-
duces to 

Eo 

K cos 

2z0J1 sin (cot + Ka + si) = 

which also must hold for all values of S. This equation 
can be satisfied only if 

= — 4(1 — sin 0) 

and 

(1 — sin (p)• sin (tot — aK sin tk) 

Si = — Ka(1 + sin (1)). 

Having thus calculated the four constants of integra-
tion we can now write the expression for the current 
along the wire. 

E0 
i=   sin (tot— Ks sin 0) 
zoK cos 

Eo 

2zoK cos (1) 

E0 
  (1+ sin 0) • sin (a—Ks).  (25) 
K • 2z0 cos (It 

(23)  A special case of this expression, namelyNhe current at 
one end of the wire, is of interest. At z =a the current is 

sin (tut — Ks + 52) 

in which (II, d21 Si, 52 are constants of integration yet 
to be calculated from the boundary conditions. The 
boundary conditions which will be assumed this time 
are those which correspond to a wire terminated 
into its own surge impedance. Accordingly, at z = 0, 
v = —zoi. Similarly at z =a, v =zoi. 
In order that we may take account of these bound-

ary conditions we have to derive an expression for v. 
This may be done by making use of (1) and (2). The 
result is 

Eo   
—  sin t/t• sin [tot — Kzo sin 0] 
IC cos tt, 

— zodi sin [tut + Ks  54] 

sod, sin [wt — Ks + ss]. 

(1 'sin 0) • sin [tot+ Kz — Ka(11- sin 0] 

Eo  [Ka(1 — sin .0)1 
ía =   (1 ± sin tb) • sin   

zoK cos tit  2 

Ka(1 — sin 41 
cos [tot    . (26) 

2 

If in place of di we introduce 0= (T/2)  which is the 
angle between the wire and the normal to the arriving 
wave front (26) transforms into the reciprocal of the 
well-known field equation for the terminated wire.' 
Next we shall consider an important special case of 

the general theory. In this special case it is assumed: 
(a) that wire W is long enough so that it extends be-
yond the region in which there is electric field from 
network N and (b) that wire W is terminated into its 
surge impedance at both ends. 

* For example see, Andrew Alford, "A discussion of methods em-
ployed in calculation of electromagnetic fields of radiating conduc-

(24)  tors," Elec. Comm., vol. 15, pp. 70-88; July, 1936. 



1941  Alford: Coupled Networks 

These assumptions result in the following expression 
for induced current i: 

= Ai cos (wt  Kz)  A2 sin (wt  Kz) 

± A3 cos (04 —  Kz) -I- A4 sin (cot — Kz)  (27) 

where K=colc (c is the velocity of light) 

and 

A1 = — f  E cos [— Ka + b.(z)]aft(z)dz 1   

ZO  s  n 1 

A g = —  E sin 
1 f  n—N 

ZO  z 

[Kz — bn(z) lan(z)dz 

s zs, 1*/ 

A3 =  f E cos[Kz + bn(z)]ci(Odz 
zo  lz.1 

n..P/ 

A4 = —  E sin [Ks  bn(znan(z)dz. (28) --- f z 

ZO  —zo 

Equation (27) has a very simple physical interpreta-
tion. In order to make this clear let us consider the 
expression for the current, 
term by term, starting, for 
example, with the last one. 
This term obviously repre-
sents a traveling wave along 
the wire. This wave propa-
gates from left to right with 
velocity of light c. The ampli-
tude of this wave is A4. This 
amplitude is a function of z 
which means that the traveling wave increases or de-
creases in magnitude as it progresses along the wire. 
The third term also represents a traveling wave 

which progresses from left to right. The current in this 
wave is 90 degrees out of phase with the current in 
the wave given by the fourth term. 
Similarly, the first and the second terms represent 

traveling waves which progress in the opposite direc-

tions, that is, from right to left. 
The two waves which travel from left to right may 

be added together so that a resultant wave is obtained. 
Such a resultant wave, however, has a variable phase 
in addition to variable amplitude. Thus, the resultant 
wave which proceeds from left to right is 

A3 cos (0)/ —  + A4 sin (cot — Kz) 

= VA  32 + A 42. sin (cot — Ks -I- tin)  (29) 
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where 
A3 

4)2 = tan-' — • 
A4 

Similarly, the resultant wave which travels from right 
to left is 

A1 cos (cot + Kz) + A2 sin (cot  Kz) 

= 0 12 + A 22. sin (col + Ks 4- 4.1)  (30) 

I, • 3.2 

Al,T;4 -51m6,4+Itz• 

where 
A1 

(61 = tan — • 
A2 

From the expressions for A1, A29 113, A4, it may be 
seen that these quantities are variable only when E. is 
different from zero. This means that once the traveling 
waves emerge into the part of wire W which is outside 
the inducing field they become ordinary traveling 
waves of constant amplitude. (See Fig. 7.) 
Thus we have a picture of the mechanism of induc-

tion of currents in a long wire. The picture is this: 
Along the portion of the wire which is exposed to the 
electric field there originate two traveling waves which 
proceed toward the opposite ends of the wire. The am-
plitudes of these waves increase from zero and then 
vary up and down ending with certain constant values, 
which are reached when the waves emerge from the 

field. 
The following example was chosen to illustrate the 

application of this special case of the general theory. 

E2-•••  Ex —"-

N-L=13) e 

w-1 

/// / /  

Fig. 7—A schematic diagram which shows 2 traveling waves which emerge from that portion 
the long wire which is exposed to the electric field of inducing network N. 

of 

The problem is to calculate the current which is in-
duced in a long wire which is placed parallel to an en-
ergized half-wave antenna. The E. component of the 
electric field at a point P due to a half-wave antenna is 
well known.' 

/3 sin (wt — Kr')  o sin (cut — Kri) 
E. = — — •     (31) 

r1 c r2 

in which r1 and r2 are distances measured from point P 
to the ends of the half-wave antenna, K=colc, and /0 
is the loop current. 

If for convenience we let cot =  —212 

then 

I 0 [cos (we — Kri)  cos (cot' — Kr2)] 
E. — 

r1 r2 

1 ei,,,,,. e-gcri ± —1 e-= ro  iwg,. e+IICri 
2c r1 

[ 
ri 

= [ ro e_ iwe, . e+ liC ro 
—  ei 12 :  --r12 ..1' • e-ocr, + .1 (32) 

* A. A. Pistolkers, "The radiation resistance of beam antennas," 
PROC. 1.R.E., vol. 17, pp. 562-579; March, 1929. 
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from which by comparing with (5) we see that in this 
case 

/0 
al(z) =  a2(z) = 

2cri 2cr2 
a3(z) = 0, • • • 

bi(z) = — Kr' 62(z) = — Kr2 b3(z) = 0, • • • . (33) 

Since this time the wire in which currents are induced 
is assumed to be very long we may make use of (28) 

A1 = —  --1 j" Io  1 
— [cos (— Kz — Kt%)  dz 

so , 2c 

1 
▪ cos (— Kz — Kr2) — dz] 

1 f" /0 1 
As = —  —  cos (Kz — Kr3) — dz 

zo ,  2c 

1 
▪ cos (Kz — Kr2) — dzi 

r2 

ri2 = p2 z2;  r22 = p2 (z — e)2 

and somewhat similar equations for A, and A4. 

If in As we put z =/ —z', then dz= —dz' and 

and 
/0 f a COS Ku 

 du 
2zo ,,  u 

Ici f "' cos Ku 
 du 

2zo  u'  u 
so that 

/0 f  u'  cos Ku  I 0 r a'  cos Ku 
Al= — —   du +   du. (38) 

2zo   u  2zo a 

When 
a = r1 — z 

(34)  a' = /  — z 

the second integral approaches zero as 

r12= p 2 +(i _ e)2, r22 =p2 ± e2,  Kz=1K-I-Kz'= al2— Ks' 

so that 
1 1 o  1 

As = —  —  [COS ( — Kz' — Kr2') — dz' 
zof u, 2c  r2' 

1 
cos (— Kz' — Kt%) — dz]. 

and Z  00 

Jo  — z 
log e   0 

2zo  / r2 — z 

when z—> oo. Hence,' 

/0 f u' cos Ku 
 du 

2zo „ 

0 
= —  (Ku') — sil (Ku)].  (39) 
2zo 

By using similar substitutions it is found that' 

(35) 

/0 

A4 =  —  [col (Ku') — col (Ku)]  (40) 
2zo 

We see that Ag is equal to —44 3 when z in the latter 
has been replaced with z' = 1— z. The same substitution 

from which 442 is obtained by interchanging signs and 
replacing z with (/—i). For future reference, the ampli-
tude of 

I A cos (cut+ Kz)+A 2 cos (Cd + Kz) + A 3 cos (cot— Kz)+A 4 sin (0.4—Kz) 

= [(A 2-FA cos Kz+ (A 2— A 4) sin KO+ R—A3-1-A3) sin Kz+ (A 2+A 4) cos KO. 

may be used to prove that As is equal to —442 in which 
z has been replaced by / —z. It follows that only A1 
and Ag need be calculated from the beginning and that 
As and As can then be obtained by simple substitu-
tions. 

Calculation of Al. 

Integral A1 may be subdivided into a sum of two 
integrals 

and 

Let 

then 

A ,, 

1 
= Izoo f: cos ( — Kz + Kt%) —  dz 

Ia 1 
= —  1 cos (— Kz  Kr2) — dz. 
2z . o   

U = r3 — z, 

r2 
— dz = — du = — 

U' 

= 1 ±  1.2  Z 

(36) 

(37) 

(41) 

. When both the inducing half-wave antenna and the 
long wire in which currents are induced are placed 
above a conducting plane it is necessary to calculate • 
the contribution of the image. This may be done by 
using (39) and (40) to calculate Al' and Al and then 
Al and A ; which are due to the image. The total val-
ues of Al, A2, 443, /14 to be then used in (41) are 

:i1 = A1 — A 

.71  2 = A  — 

71 3 = Ag — A3' 

-11 4 = A4 — A41.  (42) 

In order to make this procedure more concrete, a 
numerical case has been worked out. 

4 Definition and a table of sil and col may be found in the ap-
pendix to "Transient Electric Phenomena and Oscillations" by 
C. P. Steinmetz, McGraw-Hill Book Company, New York, N. Y., 
1920. 
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Frequency = 19,540 kilocycles, X = 50.36 feet. 
The half wave and the long wire are placed at the 

same heigh,t of 72 inches above ground and are sepa-
rated from each other by 47 inches. It follows that p to 
be used in the calculation of the A's due to the wire is 
p= 47 inches = 0.078X. The value of p' to be used in calcu-
lating the A "s due to the image is p' = N/472+ (2 X 72)2 
inches = 0.251X. The values of A1 and A?, have been 
plotted in Fig. 8(a) while the values of A:, and A; are 
given in Fig. 8(b). The total current induced in the 
long wire by the half wave and its image are repre-
sented by the solid curve in Fig. 9. The points were ob-
tained from measurements made to check this theory. 
The measured currents were multiplied by a fixed fac-
tor so that the peaks of the calculated and measured 
currents would agree. The absolute value of the in-
duced peak current found by measurement was 0.123 h. 
The calculated value, on the basis of surge imped-
ance of 138 logi0(4111(1)= 407 ohms using d= 0.162 and 
H= 72 inches, is 0.145 /0 and is too high by 18 per cent. 
On the whole, the agreement between measured and 
calculated values is probably sufficiently good to estab-

40.2 

00 

-10 

2 

0.0 4.2 1.4  4.6  41.0  41.2  +1.4 

(b) 

(a) 

Fig. 8—Amplitudes Al, At', A2, and A 2'  of the traveling waves 
induced by a half wave and its ground image, in a long wire 
placed parallel to the half wave. 

lish the fact that the unorthodox result calculated 
above is much closer to the true nature of induced cur-
rents than sinusoidal distribution often assumed for the 
purpose of calculating so-called mutual radiation im-
pedances. It may be added in passing that during the 
experiments with the described arrangement it was 
found that the length of the long wire in which currents 
were induced was not critical in any way so long as the 
wire was long enough to extend beyond the region in 
which the induced current was appreciable. For ex-
ample, it made no appreciable difference whether an 
additional quarter wave was added to the wire about 4 
wavelengths long. The induced distribution remained 
the same whether the long wire was open-ended, 
grounded, or terminated into its surge impedance. In 
all of these cases the induced current was to be found 
only in the limited region opposite the inducing half 

wave in accordance with Fig. 9. On either side of this 
region the current was very small. The sinusoidal dis-
tribution of current over the entire length of the wire 
was not observed whether the center of the wire was 
opposite the center of the half wave or not. 
The above remarks are made here to emphasize the 

fact that there is a class of phenomena which is differ-
ent from those discussed in the now classical theory of 

4.0 

LO 

1.0 

0.0 
-3  -1  -.I  0  4.1  4.2  43  411  40  40  43  40 

Fig. 9—The total current induced by a half-wave antenna and its 
ground image in a long wire placed parallel to the half-wave 
antenna. The solid curve was calculated; the points show meas-
ured values. 

mutual interaction originated by Pistolkors. It is this 
second type of radiation interaction outlined above 
which is responsible for the fact that a wire 2i wave-
lengths long will act as a reflector as well as a wire 
21 wavelengths long without any regard for its so-
called self-impedance. It is only when the induced cur-
rent distribution extends to the ends of the wire that 
reflection of current at the ends and therefore reso-
nance phenomenon can and does take place, and the 
classical concept of mutual impedance begins to as-
sume significance. But even when this has taken place 
the primary current of the type shown in Fig. 9 still 
plays a part which is sometimes obscured by larger 
resonance currents and for this reason is difficult to 
recognize but it is just as real as if it were present, 

alone. 
So far we have been concerned with examples in 

which, except under special conditions of resonance, the 
induced currents were small enough so that their field 
could be neglected in the first approximation. We now 
undertake to discuss a different type of a problem in 
which the effects of the field due to the induced current 
must be taken into account. The problem is to cal-
culate the interaction between an open wire line and a 
quarter-wave section arranged as is shown in Fig. 10. 
This configuration is equivalent to another, which con-
sists of one half of the configuration in Fig. 10, together 
with a conducting plane which takes place of the neu-
tral plane of Fig. 10. This equivalent arrangement is 
shown in Fig. 11. The arrangement of Fig. 11 is of the 
same type as the one already discussed in connection 

with Fig. 1. 
The system of Fig. 11 may be studied in two differ-

ent ways: (1) We may regard the quarter-wave section 
as the inducing network N and calculate the induced 
currents in wire W and (2) we may regard wire W as 
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the inducing network and calculate the currents in-
duced in the quarter-wave section. 
Both of these aspects have to be considered when a 

complete picture of the interaction is desired. 
Let us first consider the wire W as the inducing net-

work and calculate the induced currents in the quarter-

field along the quarter-wave section, is zero, it follows 
that the waves which travel along the quarter-wave 
section must be ordinary traveling waves with con-
stant amplitudes and fixed. phases. In view of the fact 
that at the open end of the section there must take 
place a complete reflection it follows that the ampli-

tudes of the traveling waves 
which traverse the section in op-
posite directions must be equal. 
For this reason the distribution 
of current and voltage along the 
section must be sinusoidal ex-
cept near the open end where the 
surge impedance is a little less 
than elsewhere because of the 
increased capacitance per unit 
length. 
There is only one place where 

the radial field can have any ef-
fect, namely, along the short-
circuiting bar B. This field has a 
component EB along the bar. 
The phase of this field is con-
stant along the bar. If this bar is 
very short in comparison with 
the wavelength, as it usually is, 
the action of this field along the 
bar is the same as that of a 
lumped  electromotive  force 

the line integral of the field along the bar; 

•••• 

EP 

• 

NEUTRAL PLANE 

LINE VI\  

SECTION 

Fig. 10—A schematic diagram used in deriving equations applicable to coupled sections. 

4 = i 1, Vs,  1 2 E' = — — Vs 
p C ZO  °  1:1' C 'ZO 

V .  =  P E Bd X  =  2SVs 
o 

where 

vs 

1  D2 
S  -  log. — 

zoci 
is the velocity of light 
is the potential of wire W 
is the distance from the center of the wire 

wave section. For the sake of simplicity we shall as-
sume that the ends of wire W are far away from the 
quarter-wave section and that the wire is straight. Un-
der these circumstances the equations which give the 
electric field near the wire reduce to particularly simple 
form. The complete equations for the electric field pro-
duced by a wave traveling along a wire were derived 
elsewhere .2 
When applied to the present problem these equa-

tions lead to the following conclusions: 
(1) That the tangential component of the electric 

field along a very long wire is zero. Consequently, there 
is nothing but radial field. 
(2) That the radial field is equal to 

Ep=(2/cpzo)V.  (43) 

where c is velocity of light, V. is the potential of wire 
W, and p is the distance from the center of this wire. 
In addition, there is a similar field due to the image of 
wire W. 
We need not restrict ourselves to the assumption 

that wire W carries one traveling wave. On the con-
trary, we may assume the most general distribution 
of currents. Such a distribution can always be resolved 
into two traveling waves with unequal amplitudes.and 
progressing in opposite directions. Under these more 
general assumptions the longitudinal component of the 
electric field is still zero and (43) is still correct. 
Since E,, the longitudinal component of electric 

equal to 
that is, 

V. = 
f o A /2 x 2 V.  A x 2V1 

 dx+ f  — — dx 
p czop  a/2 p  cZoP 

2V.  D 2 

=  -  log. — = 2sV. 
zoc  Di (44) 

where  =VD22-E012 in which DI is the distance be-
tween the section and wire W and D 2 11 the distance 
between the section and the image of wire W. 
We have thus seen that so far as the induction from • 

Fig. 11—A schematic diagram showing an arrangement 
which is equivalent to that of Fig. 10. 

the line into the section is concerned it is highly lo-
calized. It takes place at the short-circuiting bar and 
when this bar is relatively short it ie equivalent to an 
electromotive force in the bar. 
Let us now discuss the action of the quarter-wave 

section on the line. We have already shown that the 
distribution of current along the quarter-wave section 
must be sinusoidal in spite of the reaction of the line 
back on the section because this reaction is confined to 
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producing a virtual generator in the short-circuiting 

bar. 
The electric field due to a quarter-wave line with 

sinusoidal distribution may be obtained from the gen-
eral equations given by the author for the field of a 
traveling wave.' In this case we need to know only 
the component of the field parallel to the wire. The 
principal part of this component is found to be 

/0  /0 
E = -  elwt • e-Kni - 

2ric  2ric 

/0  JO —  . e-xrd 
2r2c  2rc2 

when 1=10 sin cot is the current in the short-circuiting 
bar, r1 is the distance measured from the open end 
of the section, and r2 is the distance measured from the 
end of the image. 
The final amplitudes of the two waves as they leave 

this region are  102-1-A202 and N/44302+ A.02 in which 

A10 = 
a‘-‘'.141 

f  cos 
ZO -co n-1 

6-hoe 

e-iwt • e+Kril (45) 

[ - Ks  b.(z) ]a„(z)dz, 

I 0  n...N 
A20 = — f E sin [-I- Ks  ]aa(z)dz, etc. • • • . 

ZO  n1 

These integrals may be calculated as follows. By com-
paring (45) with (5) we find that 

2ric 

bi(z) = - 

a2(z) = 
/0 

2r2c 

b2(z) = - Kr2. 

Then by putting ui = ri -z and u2 = r2- z we get 

/0 f a cos Ku I° r a cos Ku 
A 10 =   du   du 

2czo J.  U  2czo J.  u 
/0 a' cos Ku Io i a• cos Ku  

+ - I  du =  du 
2ao  a  U  2C,30 J.  U 

in which both a and a' approach zero but not inde-
pendently and namely, in such a way that a =ri - z, 
a' = r2- z, while  oo . In the region between a and a', 
u is infinitesimally small so that cos Ku =1 and 

A10 
/0 f a' 

= LCZ0 a a 

cos Ku  lo f a' 1 
 du = —  — du 

2zoc  a u 

Io  a'  lo , r1 — z  /0 
= — log. — = —  tog.   
2czo a  2czo r2 - z 

In a similar way we find that 

and 

A2o = 0, 

D2 
log. — = S. 

czo  D1 

A40 = 0,  Aso = sIo 

N/A 2o2 ± A202 = 510,  V A 302 + A 402 = sr.. (46) 
The remarkable feature about the longitudinal field 

given by (45) is that it is confined to the region in the 

immediate neighborhood of the open ends of the quar-
ter-wave section. The extent of this field is comparable 
with the distance between the end of the section and 
wire W. Because of this limited extent of the field its 
action is very similar to that of a generator placed in 
series with the wire at the point opposite the open end 
of the section. This fact is of considerable utility be-
cause it enables one to make use of what may be 
termed an equivalent virtual generator with the elec-
tromotive force e =jzos/. in place of the relatively com-
plicated concept of two current waves discussed above. 
In accordance with this simplified mode of interpreta-
tion the action of the quarter-wave section on the 
transmission line in Fig. 11 consists of there being 
"induced" in series with the line and opposite the open 
ends of the section two generators with the electro-
motive force e. 
Having arrived at the qualitative and quantitative 

picture of the fundamental features of the phenomenon 
we are now in position to calculate several subsidiary 
quantities which are usually wanted for practical ap-
plications. Perhaps the most important quantities are 
"the counter electromotive force" and the "induced 
impedance." Both of these have a rather special and 
limited meaning which will be made clear as we pro-

ceed. 
Let us assume that line W is terminated at its ends 

into impedances Zi and Z2 and consider what happens 
when a generator of electromotive force e is inserted 
in series with the short-circuiting bar of the quarter-
wave section and establishes a flow of current in the 

section. 
We have already seen that under these circum-

stances there appears a highly concentrated field 
around the open end of the section, and that the effect 
of this field is equivalent to an electromotive force 
placed in series with line W just above the open end 
of the section. 
This virtual electromotive force produces currents 

in line W which, in turn result in a voltage across the 
line at the point opposite the short-circuiting bar of 
the section and consequently a field along this bar. 
This field along the bar is equivalent to an electromo-
tive force in series with the bar. This last electromotive 
force we shall call the "counter electromotive force" 
because it is proportional to the current in the section 
and is the reaction of the current induced in the line 
on the inducing section. 
The effect of this counter electromotive force is 

equivalent to the effect of an imaginary impedance 
placed in series with the bar. This impedance will be 
referred to as the "impedance induced into the sec-
tion" or simply the "induced impedance." When the 
impedances Z1 and Z2 at the ends of line W are both 
equal to the surge impedance of the line, the expression 
for the induced impedance is particularly simple. In 
this case the current produced in the line by current I 
in the section is s/. This current in the line at the point 
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above the open end is 90 degrees out of phase with the 
current in the section. By the time this current reaches 
the point above the short-circuiting bar of the section 
it is delayed another 90 degrees. The potential across 
the line at the point above the short-circuiting bar is 
thus zos/. In accordance with (44) the electromotive 
force induced in the bar is therefore V,=2s2zoI„. This 
counter electromotive force is obviously equivalent to 
induced impedance 

V.  2s2zoI, 
—   _ 2s2zo.  (47) 

When either Z1 or ZS or both are different from ZO 
the calculation of the voltage which is produced above 
the short-circuiting bar is a little more complicated. 

;NO 

only the result. The potential across the line at the 
point above the short-circuiting bar is 

V. = 2jzosl,(— j cos2 u — sin u • cos u). 

It follows that the counter electromotive force is 
therefore 

= j(2s)2z0/,(— j cos' u — sin u • cos u) 

and the induced impedance is 

vs 
zi = — = 4s2zo coo u 

— j4s2zo sin u • cos u.  (48) 

It is interesting to observe that in the special case 
when u =r/2, Z=0 so that no energy is transferred 

to zo. In this case the two virtual genera-
tors in the line above the open ends of the 
quarter-wave section start two traveling 
waves in opposite directions. The ampli-
tudes of these two waves are equal. The 
wave which proceeds toward the short-
circuited end of the section is reflected 
back toward so. When this wave catches 
up with the one which proceeded directly 
toward zo it cancels the latter because the 
two waves are 180 degrees out of phase. 
Fig. 12 shows how current in zo pro-

duced by unit current in the section var-
ies with u. The curve was obtained from 
measurements in which the quarter-wave 
section was connected to a transmitter 
by means of an open wire line with very 
close spacing between conductors. This 
narrow line was tapped across a part of 
the short-circuiting bar of the quarter-
wave line. 
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Fig. 12—This figure shows how current in to at the end of the line varies with dis-
tance u between the short-circuiting bar along the line and the short-circuiting 
bar of the coupled section. 
Theoretical relation is 

i/h = 2s sin u' 
in which u'= (2$1X)u 

= 4s2zo sin2 u'  j4sezou' sin u' 
where u'= (21-/X)u. 

In order to illustrate a case of this kind we shall assume 
that Z1=0 and that Z2 = zo. The distance between the 
open end of the section and Z1 will be u electrical de-
grees as shown in Fig. 12. The first step is to calculate 
the currents and voltages which are produced in the 
transmission line by the virtual generators +e and 
— e in series with the line. As there is nothing particu-
larly interesting about this calculation we shall state 
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Fig. 13—A comparison of calculated and measured values of s. 

/4.  
ly  

Fig. 14—Current distribution in a transmission line with a coupled 
section when X >O. 
The standing wave starts above the open ends of the section. 

Fig. 13 shows the values of s. 
In Figs. 14, 15, 16, and 17 are illustrated some addi-

tional examples of the action of the virtual generators. 

 / 2. 

Fig. 15—Current distribution in a transmission line with a coupled 
section when X >O. 
The standing wave starts above the open ends of the section. 

In all of these figures the current in the sections is 
induced current. This induced current results in the 
production of the two virtual generators which in turn 
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produce the changes in the current distributions along 
the transmission line. The bend in Fig. 16 behaves 
just like the open end in Fig. 14. These current dis-
tributions can be calculated by making use of the con-
cept of virtual generators which we have discussed 
above. A calculation of this kind is outlined in United 
States Patent 2,159,648. 
The first step in such a calculation is to find current 

I which flows in the section. In order to do this we first 

Fig. 16.—Current distribution in a transmission line with a bent 
section. 
The standing wave starts above the bend. 

consider an auxiliary arrangement shown in Fig. 18. 
In this arrangement the generator of voltage E pro-
duces the current. 

I. — 
r jX  2s2zo 

(49) 

in the short-circuiting bar of the section. The total 
impedance against which the generator functions con-
sists of self-impedance r-FjX and the induced imped-

Fig. 17.—Coupled section is so placed and the value of X is so 
chosen that the section "matches" the line. 

ance 2s2zo. The current which flows in one of the zo 
terminals of the transmission line is equal to i = si.. If 
now by the general reciprocity theorem we interchange 
generator E and current i we find that in Fig. 14 the 
current in the section is 

sE 
I' —   (50) 

r jX  2s2zo 

In this figure generator E sends out a forward wave 
in which the current is E/2zo. The two virtual genera-
tors are responsible for the back wave in which the 

current is 
s2E 

r jX  2.0z° 

The reflection coefficient, therefore, is equal to 

2z0s2 
= 
r jX  2s2z0 

(51) 

(52) 

while the ratio of current maximum to current mini-
mum is 

1 + p 
Q -   - p 

(53) 

The phase of the back wave is clearly a function of 
the self-reactance of the section. When this self-react-

-e 
..e  /z. z. 

Fig. 18—Auxiliary arrangement in which generator E is in series 
with the short-circuiting bar. 

ance is zero the back wave sent back by the section is 
maximum. If, while the self-reactance of the section 
is zero, its self-resistance is gradually reduced to zero, 
the phase of the back wave does not change. When 
self-resistance of the section is zero then the back wave 
is equal to the forward wave and no energy can be 
delivered to the load beyond the section. It follows 
that the current to the right of the virtual generators 
must be zero. Since current along a wire cannot sud-
denly vanish it follows that the phase of the back 
wave in this case must be such that the current mini-
mum must be just above the open end of the section. 
When the self-resistance of the section is not zero the 
current minimum is still above the open end of the 
section because the phase of the back wave remains 
constant when X =0 and r is varied. 
When X is different from zero the phase of I, and 

hence also of the back wave, depends on the value of 
X. In order to visualize the relation which exists be-
tween X and the phase of the back wave we shall again 
make use of the auxiliary arrangement in Fig. 18. If 
in this arrangement we call the phase of current i in 
so the reference zero phase, then for any other value of 
X the phase of current i in zo will be 

0 = — tan-1 
x 1. 

Lr  25250J 

By interchanging current i with generator E we find 
that in Fig. 14 the phase of current I is also 

[ X  1 
0 = — tan-1   (54) 

r  2s2zoi 

with respect to the phase of I which exists when X = 0. 
Thus we see that when X is negative, current I and 
therefore also the back wave are advanced in phase by 
amount 0 defined by (54) and the current minimum is 
therefore translated toward the generator end of the 
line by 0/2 degrees. When X is positive the back wave 
is retarded by 0 degrees and the current minimum is 
translated by 0/2 degrees in the direction away from 
the generator in Fig. 14. 
All of these conclusions apply without modification 

to the arrangement in Fig. 16 except that in this figure 
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the voltage of the virtual generators is not e=j2sI. but 
e' =j2s sin qS• I, and the radial field of the line is now 
inducing not only a virtual generator in the short-
circuiting bar of the section but also one in each of the 
two vertical wires at the bend in the section. The volt-
age of each of these two additional generators is 
e=sV. or exactly half of that of the virtual generator 
in the short-circuiting bar; voltage V. which appears 
in the expressions for these generators is, of course, the 

Z.  
E VI 

If 
ez y  

LIM(  A 
L /Alt 1   

If 

Fig. 19—"Short to short" type of coupling. 

potential across the line just above the bend in the 
section. 
When there are two bends in the section so that 

not only the open end but also the short-circuited 
end is bent away from the transmission line, there are 
two sets of virtual generators not only in the section 
but also two sets of virtual generators in the trans-
mission line. 
Next we shall consider the coupling of the type illus-

trated in Fig. 19. In accordance with the deductions 
already explained in connection with (44), the inter-
action between the transmission lines of Fig. 19 takes 
place at the short-circuiting bars. Line 1 induces a 
virtual generator e2 in the short-circuiting bar of line 
2 and conversely line 2 induces a virtual generator el in 
line 1. The electromotive forces of the two virtual gen-
erators are el =2sV1 and e2=2sV 2 in which V1 and 172 

are respectively the voltages across lines 1 and 2 oppo-
site the two short-circuiting bars as shown in the 
figure. Potential V1 is the sum of three potentials: 
potential due to the wave started by E, which is E/2 
potential due to the reflected wave, which is E/2 • e-2 " 
potential due to the forward wave from el, which is 

Thus 

V1 = — (1 — e-2 u0 
2 

In this equation the phase of the forward wave at VI 
was assumed to be zero. Since V2=e2•e-iu it follows 
that el = (2s)2Vie-iu and hence 

= —(1 — e-2 ")  (2S) 2 •  11  e-21si 

2 

V1 -

2 

1  e-2ui 

1 -- (2S)2. e-21si 
(55) 

In a similar way we can find the current which flows 
in line 1 at V1 

E 1 + [1 — 2(2s)2]e-2u1 
=  ---

2Z0  1 -- (2s)2e-2tdi 
(56) 

of the I.R.E. February 

The special case when u =r/2 is of some interest. In 
this case 

E  2 
= —   
2 1 + (2s)2 

the current in zo is 

E  2(2s) 2 
  (57) 

2z0 1 -I- (2s)2 

E  4s 
12 = 

Zo  1 ±  (2 4 2 

and the impedance Z1 of line 1 at V1 

zo 

z1 = (2s)2 
(58) 

Having thus discussed in some detail the theory of 
a number of different types of coupled networks we 
wish now to pass to certain other aspects of this sub-
ject. Because of the variety of the coupled networks 
considered it will be convenient to divide the following 
observations into four sections. 
(1) The induced current distributions illustrated in 

Fig. 3 are such that the field which these induced cur-
rents themselves produce in space is similar in many 
respects to that of a broadside directional array. It 
follows that a wire placed at right angles to the direc-
tion of propagation of an electromagnetic wave re-
radiates at right angles to itself. 
(2) Radiation from a current distribution of the 

type given by (25) is at an angle to the wire. Here the 
principal term is not in phase but is propagating with 
a phase velocity c/sin ets which is a function of the angle 
between the wire and the direction of propagation of 
the inducing wave. It may be shown that the radiation 
produced by the induced current is quite directional 
with the main lobe of radiation directed so that the 
angle of incidence is approximately equal to the angle 
of reflection. Here then, is the beginningbf the optical 
laws of reflection. In substance, they are already ap-
plicable to wires. As the surge impedance of a wire is • 
decreased by making the wire into a band and then 
into a sheet, the resonance phenomena become less and 
less important while the principal term becomes more 
prominent. 
(3) The current distribution which is induced in a 

long wire by a half wave explains the experimental 
fact, which is probably known to those who have 
worked with short waves, that a long wire when placed 
a quarter wavelength away from a half wave acts as a 
reflector and that the exact length of the wire has little 
to do with this action. As the surge impedance of the 
wire is reduced by making the wire into a band and 
then into a sheet the reflecting action is improved and 
the resonance phenomena become less and less impor-
tant even when the expanded wire approaches a half 
wavelength. It is for this reason that a sheet only 
slightly longer than a half wavelength acts in prac-
tically the same way as a sheet several times as long. 
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(4) Some of the coupled networks which have been 
discussed have been very useful in solving certain 
practical -problems. Most of these practical applica-
tions so far have been made at high frequencies be-
tween about 5 megacycles and 140 megacycles. Below 
5 megacycles these networks become rather large and 
somewhat unwieldy. Above 140 megacycles there has 
not been much need as yet for solving the particular 
type of problems for which these networks are most 
suited. 
Broadly speaking, there are two types of service for 

which coupled networks of the transmission line type 
are particularly well adapted, (a) filters and (b) im-
pedance transformers. 

(a) Coupled Network Filters. 

A coupled section is a very simple and efficient rejec-
tion-type filter which transmits every frequency but 
those to which the section is resonant. When the sec-
tion is coupled loosely, that is when s is small, the 

z. 

Fig. 20—A coupled-section band-pass filter. 

rejected band is narrow. When the network is coupled 
o 

tightly, the rejection band is relatively broad. Since 
the bands of rejection occur when the section is Pt, 
IX, etc., long it is clear that these bands are very far 
apart so that a section of this kind can generally be 
used to reject just one frequency without disturbing 

any other. 
A coupled section when connected as shown in Fig. 

20 acts as a band-pass filter which transmits only the 
frequencies to which the section is tuned and rejects 
all others. Again, as in the previous case, the bands at 
which the section is in tune are very far apart so that 
in practice a filter of this type may often be employed 
to transmit just one frequency, others not coming 
within the scope of the frequencies used, or rejected 
by other elements in the circuit. When using the ar-
rangement of Fig. 20 it is ordinarily convenient to 
select the points at which the line is connected to the 
section in such a way that this line from the transmit-
ter is matched at the frequency which is passed by 
the network. Several transmitters operating at differ-
ent frequencies may be connected to the same antenna, 
each through its own section, so that all can deliver 
their power into the line simultaneously without inter-
fering with each other. When the frequencies to be 
delivered simultaneously to the same antenna are 
separated by 6 per cent or so, it is best to employ two 
stages of filtering. Fig. 21 illustrates a two-stage filter 

of the kind used to feed three frequencies into the 
same antenna. In this figure the sections are in the 
same plane with the transmission line rather than be-
low it. This particular form is more convenient from 
the practical point of view and also greatly reduces the 
radiation resistance of the sections and thus reduces 

Fig. 21—A group of two-stage coupled-section filters used in feeding 
the same antenna from three 50-kilowatt high-frequency trans-
mitters simultaneously. This picture was taken in 1938 at 
Mackay Radio and Telegraph transmitting station at Palo Alto, 
California. 

the loss. The value of s to be used, when the spacing 
of the line is Ai, the spacing of the section conductors 
is 412, and the spacing between the plane of the line 
and the plane of the conductors is D, may be calcu-
lated from the following formula: 

60  N/D2 t(Ai  AO' 
S = — log,    

zo 032 + 1(Ai — A2)2 
(59) 

in which zo is the surge impedance of the line, not of 
the section. 

(b) Coupled Sections as Impedance Transformers. 

The coupled networks may be employed as trans-
formers as shown for example in Fig. 17 in which a 
coupled section is used to eliminate the standing waves 
along a transmission line. This application is based on 
the reciprocity law for standing waves which has al-
ready been stated elsewhere.5 In accordance with this 
law any network with zero dissipation which is capable 
of producing standing waves along a transmission line 
may be used to eliminate them. While no passive net-
work is free of all losses the transmission-line networks 
in general and coupled networks in particular have 
such small losses (unless abused) that this law may be 
applied to them without appreciable error. When this 
law is used the calculations which were made in con-
nection with Fig. 14 become directly applicable to 
Fig. 17 and the position of the section with respect to 
the standing waves as well as the required reactance 
X may be readily predicted. 

6 A. Alford, "High frequency transmission line networks," Elec. 
Comm., vol. 17, pp. 301-312; January, 1939. 



Matching sections of this type have the singular ad-
vantage in that they are essentially single-frequency 
devices which function on one frequency and become 
practically nonexistent in so far as the propagation 
of waves of other frequencies is concerned. Thus, it is 
possible with these sections to match the transmission 
line at several frequencies merely by making use of 
one section for each frequ'ency. The frequency separa-
tions which admit of such use of coupled sections are 
of the order of 6 per cent or more. These limits are of 
course, dependent on the losses in the sections, the 
voltages which can be handled under the particular 
working conditions, the maximum-to-minimum ratio 
of the standing wave to be eliminated, and the degree 

of match which is desired (which in itself depends on 
what other apparatus may be connected to the line 
such, for example; as a filter). A full discussion of this 
subject would take us outside the bounds of this paper. 
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Theoretical and Experimental Investigations of 
Electron Motions in Alternating Fields 
with the Aid of Ballistic Models* 

H. E. HOLLMANNt, ASSOCIATE, I.R.E. 

Summary—The motion of electrons and the exchange of energy in 
ultra-high-frequency transverse and longitudinal fields is investigated 
theoretically and experimentally by means of ballistic models in which 
single balls or a beam of balls roll over potential slopes whose gradients 
change with time. In this way there are represented by models, first a 
cathode-ray tube, then the Heil two-field generator, and finally the 
Klystron. 
As is well known, the motion of electrons in electric fields may be 

imitated in gravitation models in which the potential fields are repre-
sented by surfaces whose heights everywhere correspond to the potential 
lines. The electrons are replaced by balls which roll over the surfaces. In 
the case of complicated potential fields, for example, the .fields in mul-
tiple-grid tubes, a sheet of rubber may be stretched out horizontally. By 
means of supports located below the rubber sheet, its surface, at places 
corresponding to the electrodes, maybe provided with height adjustments 
corresponding to the electrode potentials at those places. When the 
surface tension of the membrane is constant, each point obeys the La-
place differential equation, provided that the surfaces do not have too 
steep slopes in order that the three-dimensional model can, without 
great error, be regarded as the equivalent of the two-dimensional electric 
field. There is a further slight difference because of the fact that the balls 
cannot be regarded as frictionless sliding mass points, but, through 
the rolling friction, transform part of their energy of motion into rota-
tion energy. 
Heretofore, such tube models have only been employed for illus-

trating and investigating stationary phenomena. The rubber membrane 
is stretched over stationary supports and its form remains unaltered 
while the balls roll. However, dynamic phenomena can also be imitated 
in this manner. For this purpose the height adjustments of the mem-
brane must be periodically altered and in a rhythm whose period is 
comparable with the transit time of the balls. Fundamentally it is im-
material in which direction the balls roll over such a dynamic mem-
brane, that is to say, whether in the same direction as, or normal to, the 
direction of the field lines which are altering with time; consequently, 
the model may provide for a transverse or a longitudinal control or for 
a resultant of the two components. 
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I. THE CATHODE-RAY TUBE 

A. Dynamic Roll Paths 

S THE simplest phenomenon there will first be 
investigated the dynamic electron motion be-
tween the deflection plates of a cathode-ray 

tube'. The ballistic model shown in Fig. 1 contains a 
black rubber membrane stretched acrosA a horizontal 

Fig. 1—Ballistic model of the cathode-ray tube. 

frame. The longitudinal strips P1 and P5 in Fig. 1 corre-
spond to the deflection plates of the condenser. PI and 
P2 are periodically deflected up and down by equal 
'amounts (plate voltages) by means of a motor-driven 
tilting mechanism. The electrons in the beams entering 
the transverse field generated between PI and P2 are 

1 H. E. Hollman and A. Thoma, Zeit. filr Tech. Phys., vol. 1., p. 
475, 1938. 

70 Proceedings of the I.R.E. February, 1941 


